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AB S TR AC T 

Let F and G be respectively a vector- and a matrix-function in a bounded strictly 
pseudoconvex domain D, with entries holomorphic in D and continuous in/5. We 
prove that if Fcan be divided locally by G with holomorphic factors in a neigh- 
borhood of a given point w in D, and the rank of G is maximal at all points of 
/5\{w 1, then the division of F by G holds globally, with some factors which are 
holomorphic in D and continuous in/5. This method applies also to other func- 
tion algebras in pseudoconvex domains. 

1. Introduction 

In  1971 tOvrelid p r o v e d  the  fo l lowing  d iv i s ion  t h e o r e m :  

THEOREM ([19], T h e o r e m  1). Let D be a bounded strictly pseudoconvex domain 

in C" with C 2 boundary. Fix w E D. Suppose that the funct ions gl . . . . .  gq E 

A (D) ( the space o f  funct ions holomorphic in D and continuous in D) satisfy the 

following conditions: 

(i) The only common zero o f  funct ions gi . . . . .  gq in D is w. 

(ii) The germs (gl) . . . . . . .  (gq)w o f  funct ions gi . . . . .  gq at w generate the ideal 

o f  germs o f  holomorphic functions,  vanishing at w. 

Then for  every f E A ( D )  with f (  w) = 0 there exist funct ions hi . . . . .  hq E A ( D )  

such that f =  ~q-1 gihi in D. 

M a n y  results o f  this k ind,  for var ious  func t i on  spaces and  in a d i f fe ren t  set t ing,  

were o b t a i n e d  by  o the r  a u t h o r s - s e e  e.g. [6], [15], [1], [14], [17], [18], [9], [11]. 

Ac tua l ly  the p r o o f  of  Ovrel id ' s  t h e o rem gives the fo l lowing  more  general  " local-  

t o - g l o b a l "  d e c o m p o s i t i o n  resul t :  
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THEOREM. Let D and w be as above. Suppose that the functions g~ . . . . .  gq  

and f E A ( D )  are such that there exists a neighborhood U of  w in D and func- 

tionals hi . . . . .  hq holomorphic in U with f = ~f]q=l gihi in U, and 

(1) for  every z E L)\ I wl there exists l such that gt(z) -4: O. 

q h Then f =  ~]i=l gi i in D with some functions hi E A ( D ) .  

In this note we are interested in a matrix analogue of the above result. Suppose 

that the functions fi and gid, i = 1 . . . . .  p, j = 1 . . . . .  q are from the algebra A ( D ) .  

We wish to find conditions on f ,  and gii which assure that there exist functions 

h I . . . . .  h q ,  also f rom the algebra A ( D ) ,  such that for every i = 1 . . . . .  p, 

q 
(2) f/  : :  Z j = I  giihj in/5.  

Suppose that like in the previous theorem there exists a neighborhood U of a 

fixed point w in D such that (2) holds in U with some/~l . . . . .  /~q holomorphic in 

U. On the other hand, the condition (1) for a point z E L3\ U assures the existence 

of the local decomposition f = ~]q=l giki for some functions ki E A ( D  (3 V), 

where V is some neighborhood of z in L). Therefore, looking for the sufficient con- 

ditions on the decomposition (2) in all o f / )  it is natural to assume that for every 

z in /~ \  [w}: 

(3) The rank of the matrix [gid(z)] is maximal. 

We prove here the following "local-to-global" decomposition theorem with respect 

to the matrix: 

THEOREM I. Suppose that D is a bounded strictly pseudoconvex domain in 

C n. Fix w E D. Let thefunctionsf~,  gi j from the algebra A ( D ) ,  i = 1 . . . . .  p, j = 

1 . . . . .  q, satisfy the following assumptions: 

There exists a neighborhood U of  w in D and functions hi . . . . .  hq holomorphic 

in U, such that the decomposition 

(4) fi  = Z , q = l  giy hi, i = 1 , . . . , p ,  

holds in U. 

For every z E Ok [ w}, the condition (3) is satisfied. 

Then there exist functions h~ . . . . .  hq G A (D) such that (2) holds in the whole 

domain D. 

The proof  of  Ovrelid's theorem is based on results on the solution of the 0- 

problem with bounds in strictly pseudoconvex domains and on some cohomolog- 
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ical device, known as the Koszul complex. The application of this method to the 

proof  of  decomposition results (for p = 1) was introduced by H6rmander  [7] for 

some rings of  analytic functions satisfying growth conditions, and then involved 

by Kelleher and Taylor [13]. In this last paper  the authors considered also the 

decomposit ion with respect to the matrix (p  > 1) and obtained similar results as 

in the vector case (i.e. p = I) by the use of  the generalized Koszul complex, intro- 

duced by D. Buchsbaum in [4] (the details of  the proofs were not published in 

[13]). The results on the "local-to-global" decomposition with respect to the ma- 

trix were obtained also by Siu [20] for functions with restricted growth and by 

Bierstone and Milman [2] for functions from the algebra A ~ (D) in weakly pseu- 

doconvex smoothly bounded domains. The proofs of  theorems from [20] and [2] 

are based also on the solution of the 3-problem with bounds and on the Koszul 

complex, but of  different type than that used in [7], [13] or [19]. It seems that this 

different sort of Koszul complex is not directly applicable, e.g., for algebras A (D). 

On the other hand, by the application of the generalized Koszul complex from [4] 

one can obtain the result from Theorem 1. In order to avoid algebraic difficulties, 

which arise by the use of  the Buchsbaum complex, we propose here another 

method,  whose cohomological argument is a generalization of that from [19]. It 

should be pointed out that this method is closely related to the Buchsbaum com- 

plex, e.g. the main formula  in the proof  of  Lemma 1 is the first pull-back map in 

the Buchsbaum complex. However, by the use of  our method we avoid construct- 

ing the other terms of  the resolution of  the matrix map G induced by the functions 

gij. It turns out that this method works also for some other function algebras, 

and in more general domains; we indicate this in the last section. We discuss there 

also the applicability of this method to the spaces of  functions of restricted growth. 

I am very indebted to the referee for his valuable remarks, especially for pointing 

out the importance of  Buchsbaum's paper [4] on the generalized Koszul complex; 

this contributed to the present form of this paper. I am also indebted to M. Jar- 

nicki for stimulating discussions on the subject and to Justyna Stankiewicz for im- 

portant suggestions. 

2. Proof  of  Theorem 1 

We consider first the more complicated case p < q. Given r -- 0,1 . . . .  and s = 

1,2 . . . . .  denote by L~ the space of all tuples u = (1.gj)j, where every J has the 

form J = (Jz . . . . .  Js) with 1 < Ji . . . .  ,.~ _< q, for every J, uj and 3uj are (0, r) (re- 

spectively (0, r + 1)) forms with coefficients smooth in D and continuous in/3, and 

(1Aj)j is skew-symmetric with respect to J (see [7], [19]). Let L ° be the space of  all 
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(0 , r ) - forms  u such that u and 0u have coefficients smooth  in D and cont inuous  

in/3 .  Set also L r  ~ = O. 

Given an open subset V of  D, let Mrs(V) denote the space o f  all u E L~r which 

vanish on V. 

For  r = 0,1 . . . . .  and s = 1,2 . . . . .  define the operators  

ps,  r = ( p { . r , . . .  s , r  ,P~ ) : L ~  (LSr-l)  p 

in the fol lowing way: I f  j~ . . . . .  j~_~ and j are integers between 1 and q, J = 

(Jl . . . .  , i s - l ) ,  and u = (ul) ,  E L~, then for  i = 1 . . . . .  p ,  we put (see [7], [19]) 

(5) (pS ' rU) j  = E Y = ,  g i ju j j .  

(Here Jj  = ( j j  . . . . .  J~ l , J ) . )  Set po,~ = 0. We define also the operators 0s.~ :L~ 

L~+~ coefficientwise, i.e. 0~.~u = (0ul)t .  We will usually write P, P, and 0 instead 

o f  ps.r,  p{ ,r  and 0~,r. Note that PiP~ = 0, 00 = 0 and JPi = PiO. 

I f  J = ( J l , . . - , J s )  with 1 ___ Jl . . . . .  Js < q, we set J \ J l  = :  (Jl . . . . .  J t - l , J t+l ,  

. . . .  L ) .  

We need some auxil iary results. The first l emma is a coun te rpa r t  o f  [19], 

Lemma 2. 

LEMMA 1. Le t  V be a n e i g h b o r h o o d  o f  w in D, and  suppose  that  the f u n c t i o n s  

gij E A ( D ) ,  i = 1 . . . . .  p,  j = 1 , . . .  ,q ,  sa t i s fy  (3) f o r  every  z E / 3 \  [ w } .  Le t  u @ 

M ~ ( V )  be such  that  P u  = O. Then  there  exis ts  v E M~+I(V)  such  tha t  f o r  every  

i = 1  . . . . .  p,  P i v  = u. 

PROOF. Denote  by N the set o f  all multiindices K = (k l  . . . . .  kp)  with 1 _ 

k~ < • • • < kp <_ q. Given K = (k~ . . . . .  kp) E N ,  let gK be the (p  x p ) - m i n o r  o f  

the matrix [gij], consisting o f  columns with numbers  kl  . . . . .  kp. Set ZK = {Z 

/3[ga-(z) ---- 0}. There exists a family {~K }KeN of  functions smooth  in C n \ { w ] ,  

such that for every K, 0 _< ~A- -< 1, ~,- vanishes in some neighborhood of  ZK\  [W} 

in C n \ l w l ,  and ~,, ~,- - 1 in C n \ { w ] .  Let W b e  a ne ighborhood  of  w rela- 
KeN 

tively compact  in V. Choose  a smooth  cut -of f  funct ion ~ such that ¢ vanishes in 

W and ¢ - 1 outside of  V. For  every K E N, define a funct ion ffK in /3 by 

~bh-- ~O~OK 
g,~ 

in /3 \ZK and by zero otherwise. Then  ~b/,- is smooth  in D and cont inuous  in/3 .  

We define the tuple v = (v j ) j  f rom the assertion in the following way: Given 

J = (Jl . . . . .  J~+l) with 1 _<j~ . . . . .  J~+l -< q, set 
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g l k l ,  • • • , g l k t _ l  , t t j \ j l , g l k t +  1, • • • , g l k  a 

X~s+l ( - 1 )  s + M  ~]~bKdet . . . . . .  U j  ~ L. .d t=l  . . . . . .  

L gpkl, , g p k t _ l , U j \ j l , g p k , + l ,  , g p k p  

where the inner s u m m a t i o n  is extended over all pairs ( K , t )  such that  K = 

(kl . . . . .  kp) E N a n d j t  = kt for some t between 1 a n d p .  ( F o r p  = 1, this is the 

formula  f rom [19], Lemma 2.) Then v = (v j ) j  E m s + l ( V ) .  We claim that for ev- 

ery i = 1 . . . . .  p, P i v  = u, i.e. for every I =  (i) . . . . .  is) with 1 _<_< il . . . . .  is <- q, the 

formula  

holds. 

By definition, 

~_a~= ~ gij v~j = u~ 

X ~ s + I  __ 1 ) s + / - I  
Z q = l  g i j O l j  = Zjq=l  g i j l . . . a l = l  ( Z ~ K  

(6) I glk, . . . . .  glkt_l, l'llj \ (lj)l '  glk,+, . . . . .  glk,, ] 

X det ] . . . . . . . . . . . . . . .  ] , 

[ gpk~ . . . . .  gpk,_~, ulj\(zj)~,gpk,+l . . . . .  gpkp j 

where we have set (/j)~ = it for l = 1 . . . . .  s and (/J)l = J  for 1 = s + 1, and the in- 

ner summat ion  is extended over all pairs ( K , t )  with K = (kl . . . . .  #p) E N and 

(I j ) l  = kt for  some 1 _ t <- p. Separating the terms with l -- 1 . . . . .  s and l = s + 

1, in the r ight-hand side o f  (6), we obtain the expression 

1 g l k l  , • • • , g l k t - l  , l'l(l\il)j, g l k ~ + l ,  " - • , g l k p  

'ff],~=l ( - 1 )  s+t- '  ~]  ~/< ~]q=, gijdet  . . . . . . . . . . . .  

g p k l ,  • , g p k t _ l , L l ( l \ i t ) j , g p k t + l ,  , g p k p  J 

(7) 
g l k l , "  " " , g l k t - l , l g l , g l k t + l ,  • " " , g l k p  

+ ~]q=, gi/~-]~bKdet ] . . . . . . . . . . . . . . .  
/ 
L g p k l ,  . ,  g p k , _  1, U l ,  g p k t + l ,  , g p k p  

The second summation in the first term is extended over all (K, t) with K G N such 

that iz = kt for some 1 _< t _< p,  and the inner summation in the second term holds 

over all (K, t) with K E N and j = kt for some t. 

Consider  the first term in (7). I f  s = 0, this term does not exist at all. I f  s > 0, 

we could change the summat ion  in (6) since t does not depend on j there. Since 



150 P. JAKOBCZAK Isr. J. Math. 

for every i = 1 . . . . .  P, ~]]=~ giju(l\#)l = P i U l \ i l  = 0 by assumption,  this term van- 

ishes. The second term in (7) can be written as 

Z ~bt,. Z p=I gik,, det . . . . . . . . . . . . . . .  [ )  u,. 
K ~ N  

gpl ,  I '  " , g p k , , , -  t '  1, gpk., + ~, . , gpl,.t~ J / 

By elementary linear algebra, the inner sum equals g,~-, and so this term is equal 

to ~]  ¢¢t,-ut = ut (we use here the fact that  ul vanishes in V). 
A'~N 

To complete the cohomological  argument we need two further results, which are 

analogues o f  Lemmas  1' and 3 from [19]. 

LEMMA 2. Let  V be a ne ighborhood  o f  w in D. Suppose  that  the f u n c t i o n s  

gij E A ( D ) ,  i = 1 . . . . .  p,  j = 1 . . . . .  q, sat is fy  (3) f o r  every  z E O k  [ w].  Fix  r >_ 

2, and s >_ O, and suppose  that  u E M ] ( V )  is such that Ou = 0 and P~ u . . . . .  

Ppu. Then there exists a neighborhood W o f  w contained in V, and v E M;~ , ( W )  

such that  Ov = u and 

(8) PI V . . . . .  Pnv. 

(Note that the similar result does not  hold in general for  r = 1.) 

LEMMA 3. Let  V and g(i be as in L e m m a  2. Fix  r >_ 1 and s >_ O, and let u E 

M ] ( V )  be such that Ou = 0 and Pu = O. Then there exist a ne ighborhood  W o f  w 

with W C  V, and v C M~+~(W)  such that  Ov = 0 and P~v . . . . .  Ppv = u. 

We prove both  lemmas simultaneously,  by induct ion on p. For  p = 1, they are 

essentially in [19]; because we need here some modifications in comparison to [19], 

even for p = 1, we include the p r o o f  here, for the convenience o f  the reader. 

Let u be as in L e m m a  2. By [5] or  [16], there exists u~ E L,_~ such that  0u~ = 

u. Since u vanishes in V, ul is smooth  and 0-closed there. Take two balls B and 

W centered at w such that  W C: B C V. By [8] there exists a tuple t = (tz)~ o f  

smooth  (0, r - 2)-forms in V such that  0t = u~. Let ~ be a smooth  cut -of f  func- 

tion such that  supp ¢~ C B and ~ -- 1 on W. Then v = :  u~ - 0(¢~t) satisfies the 

assertion. 

In order  to prove Lemma 3 f o r p  = 1, we proceed like in [19], by downward  in- 

duct ion on r. The lemma is clearly true for r > n. So suppose the lemma to be 

proved for r + 1 and for  every s, and let u be as in the assumption.  By L e m m a  

1, there exists u~ E ..~lt4~+~(V) such that  Pu~ = u. Then 0u~ =~ ~+~'~+~ V)~ is 0-closed 

and POu~ = JPu~ = 0, so by the induction assumption there exists a neighborhood 
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s + 2  T of  w in D with T C V, and t E Mr+l  (T)  such that  a t  = 0 and  Pt  = Ou~. By 

L e m m a  2, there  exists a n e i g h b o r h o o d  W o f  w, W C  T, and  t1 E M~+2(W)  such 

tha t  0tl = t. Then  u = :  ul - Pt~ has the desired proper t ies .  

Now assume bo th  lemmas  to be p roved  for  all ( p '  × q ) -mat r i ces  with p '  not  

greater  t han  some p < q. Suppose  that  the ( (p  + 1) x q ) - m a t r i x  [gij] and  u E 

M ~ ( V )  sat isfy  the a s sumpt ions  o f  L e m m a  2. I f  s = 0, then all ope ra to r s  Pi are 

zero  by def in i t ion;  therefore  if a n e i g h b o r h o o d  W of  w with W C V and  v E 

M°_~ ( W )  such that  0v = u are constructed as in the p r o o f  of  L e m m a  2 for p = 1, 

then v satisfies (8) tr ivial ly.  Suppose  therefore  that  s > 0. Note  that  bo th  ( p  × q ) -  

matr ices  [gii] and [ki i ]  = :  [gij - gp+~.j], i = 1 . . . .  ,p ,  j = 1 . . . . .  q, sat isfy (3) 

with p for  every z ~ / ~ \  [ w] .  By L e m m a  2 for  p ,  there  exists a n e i g h b o r h o o d  T 

o f  w with T C  V a n d  ul E M~._I(T) such tha t  aul  = u, and  P~uj . . . . .  Pt, ul .  

For  i = 1 , . . .  ,p ,  define the opera tors  R i similarly as in (5), but  with respect to the 

funct ions  kij ins tead o f  gij. Then Ri = Pi - Pp+l, i = 1 . . . . .  p ,  and R~ ul . . . . .  

R p u  I . There fo re  t = :  R~ul  . . . . .  RpUl is a welI-defined element  o f  MTy~(T) ,  

and  moreover  at  = RlOul  = P l u  - Pp+lU = 0 and R i t  = R i R i u  I = O, i = 1 , . . .  ,p. 

By L e m m a  3 for  p ,  there  exists a n e i g h b o r h o o d  W of  w with W C T, and  t~ E 

M ] _ I ( W ) ,  such that  at~ -- 0 and R~t~ . . . . .  Rptl  -- t. Then v = :  ul - t~ E 

MrS ~(W) satisfies the asser t ion o f  L e m m a  2 for  the ( (p  + 1) × q ) -ma t r i x  [gij]. 

To prove L e m m a  3 for  p + 1 we proceed,  as before,  by downward  induct ion on 

r, the asser t ion  being t r ivial ly  sat isf ied for  r > n. There fo re  assume the l emma  to 

be proved  for  r + 1 and  for  every s, and  let u E Mid(V) be as in the a s sumpt ion .  

By L e m m a  1, there  exists u~ E M~+~(V) such tha t  PI ul . . . . .  Pp+~ u~ -- u (but  
s + l  u~ need not  be a-closed).  The tuple au~ E M~+I(V)  satisfies the induct ion assump-  

t ion,  and  so there  exists a n e i g h b o r h o o d  T o f  w such tha t  T C V, and t E 
s+2 M~+~ (T) with at  = 0 and P~ t . . . . .  Pp+j t = aUl. By L e m m a  2 for p + 1, we can 

f ind a n e i g h b o r h o o d  W o f  w, W C  T, and  some t~ E M~+Z(W) ,  such tha t  0t~ = t 

and P~t~ . . . . .  Pp+~t~. Setting t2 = :  Plt~ . . . . .  Pp+~t, and v = u~ - t2, we ob- 

ta in  the desired tuple  v E M T+~(W). 

To proceed  with the p r o o f  o f  the theorem (still with p < q)  we need two o ther  

auxil iary results: the first one can be t reated as an analogue of  the theorem for tu- 

pies in L~ with s > 0, the second is a coun t e rpa r t  o f  L e m m a  2 for  r = 1. 

PROPOSITION 4. Let  D be a strictly p seudoconvex  bounded  domain in C n, and 

w a f i x e d p o i n t  in D. Suppose  that the f unc t ions  gij E A ( D ) ,  i = 1 . . . . .  p, j = 

1 . . . . .  q, satisfy (3) f o r  every z E D \  { w].  Let u = (ul) l  E L~, s >_ O, be such that 

f o r  each I, ul E A (D) ,  and  Pu = 0 ( with P def ined by (5)). Suppose  also that 

there exists a ne ighborhood U o f  w in D and  a tuple ~ = ( vs)J such that f o r  ev- 
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ery J = (Jl . . . . .  J~+l), 13j is ho lomorph ic  in U, and P i v =  u in U, i = 1 . . . . .  p.  

Then there exists v = ( v j ) j  ~ L~ +1 such that f o r  each J, v j  E A ( D ) ,  and  Piv  = u 

in/3,  i = 1 . . . . .  p. (In other words, the local divisibility o f  u by a matr ix  [gij] with 

ho lomorphic  fac tors  implies the global divisibility. ) 

LEMMA5. I f  D and w are as above,  W is a ne ighborhood  o f  w in D, the (p  x 

q ) -matr ix  [ gij ] o f  f u n c t i o n s  f r o m  the algebra A ( D ) satisfies the assumpt ion  (3) 

f o r  every z E E)\  [ w],  and  v @ M { ( W )  is such that Ov = 0 and P I v  . . . . .  Ppv, 

then there exists t E Lf~ such that Ot = v and P~ t . . . . .  Ppt. 

We show first, similarly as in [19], that under the assumptions of  either Theo- 

rem 1 or Proposition 4, the global division problem can be solved differentiably. 

Consider the situation as described in the assumption of  Theorem 1. We will 

prove that there exist functions/~l . . . . .  /~q which are smooth in D, continuous in 

/3, and holomorphic in some neighborhood V of  w, such that for every i = 

1 . . . . .  p ,  

(9) f / =  E q ,  gij hj 

in/3. Choose a smooth cut-off function ~o o with support in U, such that ~o0 = 1 in 

some neighborhood of w, relatively compact in U. Let N, K E N, gs ,  ZK and 'PK 

have the same meaning as in the proof  of Lemma 1. If  K = (kl  . . . . .  kp),  there 

exist functions h~,k, . . . . .  l~K, kp , uniquely determined i n / 3 \ Z K ,  such that f i  = 

~]P=~ gij~K,~t- Moreover,  the functions/~,k~ are smooth in D \ Z K  and continu- 

ous in /3 \ZK,  and the functions (1 - ¢o)¢h'/~K,k~ extend (by zero) to the functions 

h~,k~ smooth in D, continuous in /3, and vanishing in V. F o r j  :~ k~ . . . . .  kp, set 

hK, j - 0. Then the functions 

/~j = : ~ 0 h j +  ~_~ hK,j, j =  1 . . . .  ,q,  
K@N 

satisfy (9), and have other desired properties. (For p = 1, the above construction 

is in [191.) 

I f  the situation is as in the assumption of  Proposit ion 4, write u = ~OoU + 

( 1  - ~oo)u, with ~o0 as above. Extend ~Oo~ by zero to all o f / 3 ;  then Pi(¢ov)  = 

sOoU i n / 3  for i = I . . . . .  p. Moreover, (1 - ~Oo)U E M ~ ( V )  and P(1 - ~oo)u = 

(1 - ~o)Pu = 0, so by Lemma 1 there exists t E M~+~(V) such that for i = 1, 

. . . .  p, P i t  = (1 - sOo)U. It follows that ~ =:  ~,o~ + t is an element o f L ~  +~ such 

that for every J, bj is smooth in D, continuous in /3 ,  and holomorphic in some 

neighborhood W of w, and Pib --= u for i = 1 . . . . .  p ;  thus the division problem 

from Proposition 4 also can be solved differentiably. 



Vol. 71, 1 9 9 0  DIVISION BY A HOLOMORPH1C MATRIX 153 

Now we are able to prove Theorem 1, Proposi t ion  4 and L e m m a  5. We do this 

simultaneously,  by induct ion on p. 

For  p = 1, this is done in [19] (at least for s = 0). Suppose all the results to 

be valid for p. Let the ((p + 1) x q)-matr ix  [g;j] satisfy (3) at every point  z E 

/3',  { w].  Consider  the situation as in the assumptions o f  Theorem 1. Let/~1 . . . . .  

/~q be the functions satisfying (9). Since they are ho lomorphic  in some neigh- 

bo rhood  V of  w, the tuple Jh  is in MII(V);  it is moreover  b-closed and PiOh = 

0P;h  -- Jfi -- 0, i = 1 . . . . .  p + 1. Thus by L e m m a  3, there exists a ne ighborhood  

W o f  w with W E  V, and v E M Z ( w )  such that 0v = 0 and P I v  . . . . .  Pp+l v = 

0/i. Since the (p  x q)-matrix [gij] satisfies (3) for every z E / 3 \  [ w} with p,  it fol- 

lows f rom L e m m a  5 for p that v = 0Vl for some Vl E L~ such that Pl vl . . . . .  

Ppv~. We proceed now similarly as in the p roo f  o f  L e m m a  2. Considering the 

( p  x q) -mat r ix  [kij] = :  [g;j - g p + l , j ]  and the operators  R i = P i  - Pp+l, we see 

that u = :  Rl Vl . . . . .  Rpv  I is a well-defined element o f  L~ such that 0u = 0 and 

R;u = 0. Moreover ,  the matrix [k;j] satisfies (3) for all z E / 3 \  [ w} and the tuple 

vl is ho lomorphic  in W, since 0vl = v and v vanishes in W; this means that  the 

tuple u satisfies the assumptions o f  Proposi t ion 4 for p,  for the operator R defined 

by the functions kij, and for ~ --: V~lw. Hence there exists the tuple t C L 2, con- 

sisting o f  funct ions  f rom the algebra A ( D ) ,  such that  R; t  = u in /3 for  i = 

l . . . . .  p. I f  we now set t~ = :  Vl - t, it follows that 0tl = v and that (like at the 

end of  the p roof  o f  Lemma 2) t2 = :  P1 tl . . . . .  Pp+~ t~ is a well-defined element 

o f  L 1. Then h = :  h - t2 satisfies the assertion o f  the theorem. 

The p r o o f  o f  Proposi t ion  4 for p + 1 is quite similar. 

It remains to show that  Lemma 5 holds for  p + 1. The assertion is trivial for 

s = 0, since all operators Pi are then zero, and the result follows f rom [5] or [16]. 

Assume therefore that  s > 0 and v is as in the assumption.  Similarly as above, by 

the induct ion assumption there exists v~ E L~ such that 0v~ = v and P l  tYl . . . . .  

Ppv~. Then the tuple u = :  RiVl = P;Vl -- Pp+l vl is a well-defined element of  L~ -~ , 

and 0u = R i l l  ~- O, i = 1 , . . .  ,p. Moreover ,  the functions in the tuple Vl are holo- 

morphic  in W, because 0v~ = v and v vanishes in W by assumption.  Hence,  by 

Propos i t ion  4, there exists ul E L~ consisting o f  functions f rom A (D) ,  such that 

u = R;Ul for i = 1 . . . . .  p. Setting t = :  Vl - u~, we check similarly, as in the p roof  

o f  L e m m a  2, that  0t = v and P I t  . . . . .  Pp+~ t. 

Consider now the case p > q. This case is quite easy, and it turns out that  

the functions/~j simply continue to the functions hj @ A ( D ) ,  satisfying (2) in/3.  

In fact, define N t o  be the set o f  all tuples K = (k~ . . . . .  kq) with 1 _ kj < • • • < 

kq <_ p. For  K E N, let gx  be the (q  x q ) -minor  o f  the matrix [g,j], consisting 

o f  rows with numbers  kl . . . . .  k q ,  and set Zh- = [z E /3[gh-(z) = 01. I f  K = 
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( k  I . . . . .  kq) E N and gK does not vanish identically in/5, then, by Cramer's rule, 

there exist uniquely determined functions h~c,l . . . . .  hK, p, holomorphic in D\ZK 
and continuous i n / ) \ Z K ,  such that in D \ Z x  

(10) f,~t = ~_a~=l gk#hK, j for l ---- 1 . . . . .  p. 

By assumption, similar relations hold in some neighborhood U of  w, but with 

functions ,~j instead of hu j .  But then U \ Z ,  is a non-void open subset of  U, and 

both relations (4) and (10) hold simultaneously in U\ZK, SO by the uniqueness of 

the functions hA-j, mentioned above, h~,j =/~j in U\Z~. It follows that if K, L E 

N a r e  such that g~ and gL do not vanish identically, then hx, j = hL,j in U\ (Zx U 
ZL), and since the sets D\Z~c and D\ZL are connected, we have h~.j = h e j  in all 

of  D\  (Zx U ZL) by identity principle for holomorphic functions; hence hKj and 

hL,a coincide in all o f  (D\Zx)  fl (ff)\ZL). Now let z E / ) .  If z ~ w, then by (3) 

there exists K E N such that gx(z) is non-singular; f o r j  = 1 . . . . .  q, define then 

ha(z) =: h~,ra(Z). For z = w, set ha(z) =/~a(z). It is clear from the above con- 

siderations that the functions hi . . . . .  hq are well-defined and that they satisfy (2) 

in/5;  moreover, they are extensions of functions/~a, as claimed above. This ends 

the proof  of  the theorem for the case p _> q. 

3. Other results and problems 

The cohomological device, presented in the previous section, together with re- 

sults on the solution on the 0-problem, gives "local-to-global" matrix division the- 

orems in many cases, for which the decomposition of the f o r m f  = ~]N 1 g~f/ is 

known. We present here two results of this type. As mentioned above, the cohomo- 

logical part remains the same as in Section 2; the eventual changes concern the con- 

struction of  convenient neighborhoods of common zero sets of the functions gij, 
and of some cut-off functions. 

I f D  is a domain in C" and E an open subset of  OD, denote by AE(D) any one 

of the following spaces: 

A~(D) =: I f  holomorphic in D I f  extends continuously together with all its 

derivatives up to order k to the set D kJ E} }, k = 0,1 . . . .  , 

H~" k(D) =: { f  E A ~-l (D) I the derivatives of f of order k are bounded on 

every compact subset of  D U E ], k = 0 , 1 , . . . ,  

(AAe(D) =: { f E  A~(D) with k < t < k + 1[ the derivatives o f f  of  order k 

satisfy H61der condition of order t - k on every compact subset of D U E } (here 

t is a positive real number which is not an integer). 
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THEOREM 2 (cf. [17], [10]). Let D be a domain o f  holomorphy in C ~, and sup- 

pose that E is an open subset of  OD such that OD is smooth and strictly pseudocon- 

vex in the neighborhood o f  every point of  E. Let Z = {zk} be a (finite or infinite) 

sequence of  points in D without accumulation point in D kJ E. Suppose that the 

functions fi  and giJ, i = 1 . . . . .  p, j = 1 . . . . .  q, f rom the algebra .4E(D) are such 

that there exists a neighborhood W o f  Z and functions h~, . . . , hq holomorphic in 

W, for  which the decomposition (2) holds in W, and for  every z E (D U E) \Z ,  

the condition (3) is satisfied. 

Then there exist functions hi . . . . .  hq ~ A e ( D )  such that (2) holds in all o f  

D U E .  

TrtEOREM 3 (cf. [1 1]). Let D be a strictly pseudoconvex bounded domain in 

C ~ and suppose that the functions f,  and gij from the algebra AQ(D x D) (where 

Q = O(D x D ) \ A ( O D )  with A(OD) = [(Z,Z)]Z E OD}) are such that the local 

decomposition (2) holds in some neighborhood W of  A (D)  in D x D, and that 

(3) is satisfied in all points o f  ( D x £) ) \ A ( D ) . Then (2) holds globally with some 

functions hj ~ AQ(D x D). 

The convenient results on the solution of the c~-problem, necessary in the proof 

of  Theorem 2, are contained in [17] and in [10], and those for Theorem 3 are in 

[11]. Theorem 3 can be also proved in a more general s i tuat ion-see [12]. One can 

check that the above results hold also for domains in complex submanifolds of  
C n . 

As mentioned in the introduction, the use of the Koszul complex in the present 

setting (for p = 1) was introduced in [7] in order to study the spaces of  holo- 

morphic functions with restricted growth. If D is a domain in C n and p a 

non-negative function, let Ap(D)  be the set of all analytic functions in D such 
that for some constants Cj and Ca 

If(z)l ~ Cl exp(C2p(z)) ,  z ~ D. 

Ap(D)  is a ring (see [7]). H6rmander obtained the following theorem on the gen- 

erators of  Ap(D)  : 

THEOREM ([7], Thm 1). Let p be a non-negative plurisubharmonic function in 

the domain o f  holomorphy D C C n such that: 

(i) All  polynomials belong to Ap(D) .  

(ii) There exist constants KI . . . .  ,K4 such that z E D and ]z - ~1 <- 

e x p ( - K ~ p ( z )  - K2) imply that ~ E D and p (~ )  <_ K3P(Z) + K4. 
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Then f l  . . . . .  f u  E Ap (D) generate Ap (D) if and only i f  there exist positive con- 

stants cl and c2 such that 

(11) Ifl(z)[  + . - .  + [Jlv(Z)[ -> ct e x p ( - c z p ( z ) ) ,  z @ D. 

The generalization of  H6rmander 's  theorem to the matrix case was proved by 

Kelleher and Taylor ([13], Corollary 4.4). By means of the generalized Koszul com- 

plex the authors obtained there the necessary and sufficient conditions on the ma- 

trix [gij] of functions gij E Ap(D)  in order that for every choice f l  . . . . .  fp of 

functions from Ap(D)  the decomposition (2) holds with some h a E Ap(D) .  By 

means of the cohomological method described above and of the results on the so- 

lution of the c]-equation with bounds from [7] we could prove only a following suf- 

ficient condition: 

THEOREM 4. Let D and p be as above. Suppose that the funct ions  gij E 

Ap(D) ,  i = 1 . . . . .  p, j = 1 , . . .  ,q, are such that there exist some positive constants 

cl and c2 with 

(12) ~ IgK(z)l >- cl exp(-c2p(z)), z E D, 
K E N  

where K and N have the same meaning as in the proof  of  Theorem 1. 

Then for every choice f l  . . . . .  jp o f functions f rom Ap (D) there exist functions 

hi . . . . .  hq ~ Ap(D)  such that 

f i  = Z~=I gij hy 

in D, i = 1 , . . .  ,p. 

The proof  goes by a series of three lemmas, which correspond to Lemmas 1, 2 

and 3 from Section 2, and to Lemmas 5 and 6 and Theorem 7 from [7]. The only 

moment which needs explication is the necessary change in the proof  of  the ana- 

logue of Lemma 1 from this note. Set now LSr to be the space of all tuples u = 

(uj ) j ,  skew-symmetric with respect to J, such that for every J, uj is a (0, r)-form 

with coefficients measurable in D, satisfying 

fD IUjI2e-2KP Nm < Oo 

for some K (see [7], p. 9 4 5 - d m  denotes here the Lebesgue measure in C ' ) .  The 

above-mentioned analogue of Lemma 1 states that given gij E Ap(D)  satisfying 

(12) and u E L~r such that Pu -= 0 (with P defined by g/j as in (5)) there exists v E 
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L~ +~ such that P i v =  u for i = 1 . . . . .  p. The tuple v = (uj)j (for the c a s e p  < q) 

is now defined by the formula 

U j - -  

Z IgKI 2 
KEN 

~]s+l (_l)S+t l ~ g ~ d e t  
/=1 

] 
g l k l ,  " " " , g l k  t i , l l j \ j t , g l k t + l  ," • " ,g lkp  [ 

. . . . . . . . . . . . . . .  [ ' 

gpkl ,  ,gpk,  1 , ld j \ j l ,gpk ,+l ,  ,gpkp.[ 

where the inner summat ion  holds, as before,  over all pairs (K, t )  with K = 

(k~ . . . . .  kp) E N a n d j ~  = kt for some 1 < t _<p. ( F o r p  = 1, we obtain the for- 

mula f rom the proof  of  Lemma 6 in [7].) 

One could also try to prove some local-to-global division theorems for the case 

when the common zero-set of  functions gij is positive-dimensional, instead of  

zero-dimensional sets [w] or {zk] from Theorems 1 and 2. Suppose that D is a 

domain of holomorphy with sufficiently smooth boundary and that the functions 

f ,  and gij are holomorphic in D and have some boundary regularity on OD, and 

vanish on some analytic subset M of  D. Assume also that the decomposition (2) 

holds in some neighborhood V of M in D, with some holomorphic functions/~j. 

Under what conditions on fi,  g~j and/~j can one obtain the global decomposition 

(2) in all o f / 3  with holomorphic functions h j, being as regular on OD as possible? 

It is easy to see that the previously described cohomological device works in the 

following case: D is a strictly pseudoconvex bounded domain in C n and M = 

M '  f-/D, where M '  is a complex submanifold of  some neighborhood D '  of /3 ,  and 

V = D (3 V', where V' is some neighborhood of  M '  I"1/3 in C~; the functions f 

and gij are, say, in some algebra A ( D )  and the functions/~j have on the set V' fq 

/3 the boundary regularity like that described in the definition of the given algebra 

A ( D ) .  Assuming then that the functions g~ satisfy (3) in all points o f / 3  13 V', 

one obtains the decomposition (2) in the whole se t /3  with some functions hj E 

A ( D ) .  This case is, however, not of  great interest; it seems that the most inter- 

esting case arises when one assumes that the domain V does not touch OD, i.e. no 

regularity assumptions on the behavior of  the functions/~j on OD are supposed. 

In [3] Bonneau, Cumenge and Z6riahi proved that if D is a strictly pseudoconvex 

domain in C n with sufficiently smooth boundary, given by a defining function p, 

and the functions gj . . . . .  gq E Am(D)  (q < n) are such that 

(13) dgl (z) ^ . . .  ^ dgq(Z) :/: 0 

for every z E X '  =:  {z E / 3 ] g l ( z )  . . . . .  ga(Z) = 0], and 

O p ( Z )  A O g l ( Z  ) A ' ' ' A  Ogq(Z)  -~ 0 
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for every z E X '  (10D,  then every funct ion f @  At (D)  with [t] ~ m - 2, vanish- 

ing on X ' ,  admits a decomposi t ion  

f = ~ = 1  gihi 

with some functions h~ E At_I/2(D) (the last o f  1/2 is here the lowest possible and 

cannot  be avoided in general). It would be interesting to prove the local-to-global 

analogue of  the above result for the matrix case. We remark only that  the local- 

to-global decomposit ion does not hold in general without, e.g., the assumption of  

type (13), as the following trivial example shows: 

EXAMPLE. Let D be a unit ball in C 2. Set f =  gh with g ( z l , z 2 )  = z~ and h(z~,  

z2) = F ( z j ) ,  where F E  H = ( U ) ,  but F f ~  A ( U ) .  (Here U i s  the unit disc in C. )  

Then D ~ f  = z ~2 D kF, and D ~ f  =: n (n  - 1) . . .  (n - k + 1)z~'-kF Of  course,  the 

local as well as the global decomposit ion o f f  with respect to g holds, and the only 

possible factor is the function h itself. However,  the function h is not even in A (D),  

a l though f can be as regular on 0D, as we wish. In fact, for every positive inte- 

ger k, the functions D ~ f  and D ~ f  are cont inuous in Q = : / 3 \ {  (z~ ,0)I Iz, I = 11, 

and they vanish at (z~,0) for zl E U. Since F is bounded  on U, it is easy to see 

that D ~ f  is cont inuous  in all o f /3 .  On the other hand,  by Cauchy ' s  inequalities, 

IDkF(z l ) [  <_ 
IIFII= 

(1 - L z l t )  ~ 

and for  (z l , z2 )  E D, Iz2t 2 < 1 - IZll 2 < 2(1 - [zt l) ,  so ID2kf(zl,z2)l 

c I I F I I ~ ( 1  - Iz l  ]){n-3k)72 with some c > 0, which shows that D2kf is also contin- 

uous in all o f / 3  provided that n > 3k. Note that the condi t ion (13) for  the func- 

t ion g is not  satisfied. 
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