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ABSTRACT
Let F and G be respectively a vector- and a matrix-function in a bounded strictly
pseudoconvex domain D, with entries holomorphic in D and continuous in D. We
prove that if F can be divided locally by G with holomorphic factors in a neigh-
borhood of a given point w in D, and the rank of G is maximal at all points of
D\ {w}, then the division of F by G holds globally, with some factors which are
holomorphic in D and continuous in D. This method applies also to other func-
tion algebras in pseudoconvex domains.

1. Introduction
In 1971 @vrelid proved the following division theorem:

THEOREM ([19], Theorem 1). Let D be a bounded strictly pseudoconvex domain
in C" with C* boundary. Fix w € D. Suppose that the functions g, ... 8, €
A(D) (the space of functions holomorphic in D and continuous in D) satisfy the
Sfollowing conditions:

(i) The only common zero of functions g,,...,8, in Disw.
(i) The germs (g)w,...,(g,)w of functions g,,...,g, at w generate the ideal
of germs of holomorphic functions, vanishing at w.
Then for every f € A(D) with f(w) = 0 there exist functions h,, ..., h, € A(D)

such that f = >,%, gh; in D.

Many results of this kind, for various function spaces and in a different setting,
were obtained by other authors—see e.g. [6], [15], [1], [14], [17], [18], [9], [11].

Actually the proof of @vrelid’s theorem gives the following more general “local-
to-global” decomposition result:
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THEOREM. Let D and w be as above. Suppose that the functions g, .. .,8,
and f € A(D) are such that there exists a neighborhood U of w in D and func-
tionals hy, . . ., h, holomorphic in U with f = 3,7, g:h; in U, and

6} for every z € D\ {w} there exists | such that g,(z) # 0.
Then f= 2,1, gh; in D with some functions h; € A(D).

In this note we are interested in a matrix analogue of the above result. Suppose
that the functions f; and g;;, i=1,...,p,j = 1,...,q are from the algebra A(D).
We wish to find conditions on f; and g;; which assure that there exist functions
hy, ..., h,, also from the algebra A(D), such that for every i =1,...,p,

(2) j} = qu:l g,jhj ln D
Suppose that like in the previous theorem there exists a neighborhood U of a
fixed point w in D such that (2) holds in U with some 4, . . ., 4, holomorphic in

U. On the other hand, the condition (1) for a point z € D\ U assures the existence
of the local decomposition f = >}  g;k; for some functions k; € A(D N V),
where V is some neighborhood of z in D. Therefore, looking for the sufficient con-
ditions on the decomposition (2) in all of D it is natural to assume that for every
zin D\{w]}:

3) The rank of the matrix {g;(z)] is maximal.

We prove here the following “local-to-giobal” decomposition theorem with respect
to the matrix:

THEOREM 1. Suppose that D is a bounded strictly pseudoconvex domain in
C". Fix we D. Let the functions f;, g; from the algebra A(D), i=1,...,p, j=
1,...,q, satisfy the following assumptions:

There exists a neighborhood U of w in D and functions h,, . . . ,ﬁq holomorphic
in U, such that the decomposition
(4) ﬁ = Jg:] gl_/ﬁji l= liap’
holds in U.

For every z € D\ {w}, the condition (3) is satisfied.
Then there exist functions h;, ..., h, € A{(D) such that (2) holds in the whole
domain D.

The proof of Gvrelid’s theorem is based on results on the solution of the o-
problem with bounds in strictly pseudoconvex domains and on some cohomolog-
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ical device, known as the Koszul complex. The application of this method to the
proof of decomposition results (for p = 1) was introduced by Hérmander [7] for
some rings of analytic functions satisfying growth conditions, and then involved
by Kelleher and Taylor [13]. In this last paper the authors considered also the
decomposition with respect to the matrix (p > 1) and obtained similar results as
in the vector case (i.e. p = 1) by the use of the generalized Koszul complex, intro-
duced by D. Buchsbaum in [4] (the details of the proofs were not published in
{13]). The results on the “local-to-global” decomposition with respect to the ma-
trix were obtained also by Siu [20] for functions with restricted growth and by
Bierstone and Milman {2] for functions from the algebra A* (D) in weakly pseu-
doconvex smoothly bounded domains. The proofs of theorems from [20] and [2]
are based also on the solution of the d-problem with bounds and on the Koszul
complex, but of different type than that used in [7], [13] or [19]. It seems that this
different sort of Koszul complex is not directly applicable, ¢.g., for algebras A(D).
On the other hand, by the application of the generalized Koszul complex from [4]
one can obtain the result from Theorem 1. In order to avoid algebraic difficulties,
which arise by the use of the Buchsbaum complex, we propose here another
method, whose cohomological argument is a generalization of that from [19]. It
should be pointed out that this method is closely related to the Buchsbaum com-
plex, e.g. the main formula in the proof of Lemma 1 is the first pull-back map in
the Buchsbaum complex. However, by the use of our method we avoid construct-
ing the other terms of the resolution of the matrix map G induced by the functions
g;- It turns out that this method works also for some other function algebras,
and in more general domains; we indicate this in the last section. We discuss there
also the applicability of this method to the spaces of functions of restricted growth.

I am very indebted to the referee for his valuable remarks, especially for pointing
out the importance of Buchsbaum’s paper [4] on the generalized Koszul complex;
this contributed to the present form of this paper. I am also indebted to M. Jar-
nicki for stimulating discussions on the subject and to Justyna Stankiewicz for im-
portant suggestions.

2. Proof of Theorem 1

We consider first the more complicated case p < g. Givenr =0,1,... and s =
1,2,..., denote by L; the space of all tuples 4 = (u;);, where every J has the
form J = (ji,...,j;) with 1 <j,...,J, <gq, for every J, u, and du, are (0,r) (re-
spectively (0, + 1)) forms with coefficients smooth in D and continuous in D, and
(u,), is skew-symmetric with respect to J (see [7], [19]). Let L? be the space of all
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(0, r)-forms u such that  and du have coefficients smooth in D and continuous
in D. Set also L' = 0.

Given an open subset V of D, let M (V) denote the space of all ¥ € L? which
vanish on V.

Forr=0,1,...,and s = 1,2, ..., define the operators

P = (PYY, . PT) Ly (LS

in the following way: If j,,...,j,_; and j are integers between 1 and ¢, J =
(Jis---yJs—1), and u = (u;); € L3, then for i = 1,...,p, we put (see [7], [19])
() (PPu), = Z;ngijujj-

(Here Jj = (ji,..-,Js_1,J)-) Set P%" = 0. We define also the operators 9 ,: LS —

L3, coefficientwise, i.e. d; ,u = (du;);. We will usually write P, P, and 4 instead
of P, P#" and 4, ,. Note that P,P; =0, 33 = 0 and dP; = P;3.

If J=(ji,...,j) with 1 <j,,...,j.<q, weset J\J; =: (Ji,.. . Ji—1rJi+1s

cesds)-

We need some auxiliary results. The first lemma is a counterpart of [19],
Lemma 2.

LemMA 1. Let V be a neighborhood of w in D, and suppose that the functions
g, €AWD),i=1,...,p,j=1,...,q, satisfy (3) for every z&€ D\{w)}. Letu €
ME(V) be such that Pu = 0. Then there exists v € MY (V) such that for every
i=1,...,p, Pv=u.

Proor. Denote by N the set of all multiindices K = (ky,...,k,) with 1 =<
ky <---<k,=<gq. Given K = (ky,...,k,) € N, let gx be the (p X p)-minor of
the matrix [g;], consisting of columns with numbers k,,...,k,. Set Zx = {z €

D|gx(z) = 0}. There exists a family {¢x }xcn of functions smooth in C™"\ { w},
such that for every K, 0 < ¢, < 1, ¢k vanishes in some neighborhood of Zg\ {w}
in C"\{w}, and Y] ¢x = 1in C"\{w}. Let W be a neighborhood of w rela-

KeN
tively compact in V. Choose a smooth cut-off function ¢ such that ¢ vanishes in

W and ¢ = 1 outside of V. For every K € N, define a function yx in D by

- $¥k
&k

Y&

in D\Zy and by zero otherwise. Then ¥ is smooth in D and continuous in D.
We define the tuple v = (v,), from the assertion in the following way: Given
J= (jlw . ’j5+1) WIth 1 5j|,. . sjs+1 = q, set
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Eikpr o 8k p Urnjp 8ikys - -2 81k,
_ s+1 +1-1
vy = Z/=1 ("‘l)s Zdeet

gpkp L ’gpk/ApuJ\j[?gpk,Jr]: s 7gpkp

where the inner summation is extended over all pairs (K,7) such that K =
(ky,...,k,) € Nand j, = k, for some ¢ between 1 and p. (For p = 1, this is the
formula from {19], Lemma 2.) Then v = (v,); € M 7' (V). We claim that for ev-
eryi=1,...,p, Pv=u,ie forevery I = (i,...,Ii))withl<1i,...,i;<gq,the
formula

q -
Zj:]gijvlj =u

holds.
By definition,

28V = 200 8y P C VR W2

©) ikys - s ks Ui 8lkysyr - - 1 81k,

Epkys -+ s 8pki_ 1y Ui\t Ephryys + + + 2 8pkp

where we have set (Ij),=i,for/=1,...,sand ([j),=jfor/=s+ 1, and the in-
ner summation is extended over all pairs (K, ¢) with K = (k,...,k,) € N and
(1j); = k, for some 1 < ¢ < p. Separating the terms with/=1,...,sand / =5 +
1, in the right-hand side of (6), we obtain the expression

8ikys - s Bk Ui 81k - - -5 81k,
-1 q
27=1 (_1)S+ Z¢KZ,‘:1gijdet

gpkp B ’gpk,Alyu(l\i,),agpkH.p e 7gpk,,

Q)

ks s 8k U Brkyyys - - <581k,
+ 20 & 2 vk det

gpk19 e ’gpk,_l’ul’gpk,+]9 s ygpkp

The second summation in the first term is extended over all (K, ¢) with K € N such
that i, = k, for some 1 < ¢ < p, and the inner summation in the second term holds
over all (K,t) with K € N and j = k, for some ¢.

Consider the first term in (7). If s = 0, this term does not exist at all. If s > 0,
we could change the summation in (6) since ¢ does not depend on j there. Since
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foreveryi=1,...,p, D1/ &ty = Piupi, = 0 by assumption, this term van-
ishes. The second term in (7) can be written as

8ikys - ’glk,,,,plsglk,,,ﬂy w2 8k,

Zl//[\, Z";Z:lgikmdet u;.

KeN
gp/qv e ,gpk,,,-lylygp/\‘,,,+19 e sgpkp

By elementary linear algebra, the inner sum equals g, and so this term is equal

to D} woxu; = u; (we use here the fact that u; vanishes in V).
KeN

To complete the cohomological argument we need two further results, which are
analogues of Lemmas 1’ and 3 from [19].

LeEMMA 2. Let V be a neighborhood of w in D. Suppose that the functions
g, €EAWD), i=1,...,p,j=1,...,q, satisfy (3) for every z € D\{w}. Fixr=
2, and s = 0, and suppose that u € M(V') is such that du =0 and P, u =--- =
P,u. Then there exists a neighborhood W of w contained in V, and v € M;_ (W)
such that dv = u and

&) Pyv=---=Pyu.

f2

(Note that the similar result does not hold in general for r = 1.)

LemMma 3. Lef Vand g; be as in Lemma 2. Fixr 2 1 and s =2 0, and let u €
M3 (V) be such that du = 0 and Pu = 0. Then there exist a neighborhood W of w
with W C V, and v € M (W) such that 9v = 0 and Piv =---= P,v = u.

We prove both lemmas simultaneously, by induction on p. For p = 1, they are
essentially in [19]; because we need here some modifications in comparison to [19],
even for p = 1, we include the proof here, for the convenience of the reader.

Let # be as in Lemma 2. By [5] or [16], there exists #; € L$_, such that du, =
u. Since u vanishes in V, u, is smooth and d-closed there. Take two balls B and
W centered at w such that W C B C V. By [8] there exists a tuple ¢ = (¢;); of
smooth (0,7 — 2)-forms in V such that 8¢ = u,. Let ¢ be a smooth cut-off func-
tion such that supp ¢ C Band ¢ = 1 on W. Then v =: u; — d(¢pt) satisfies the
assertion.

In order to prove Lemma 3 for p = 1, we proceed like in [19], by downward in-
duction on r. The lemma is clearly true for r > n. So suppose the lemma to be
proved for r + 1 and for every s, and let u be as in the assumption. By Lemma
1, there exists u; € M (V) such that Pu, = u. Then du, € Mt (V) is d-closed
and Piu, = dPu, = 0, so by the induction assumption there exists a neighborhood
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T of win D with T C V, and ¢t € M:}?(T) such that 3¢ = 0 and Pt = du,. By
Lemma 2, there exists a neighborhood Wof w, WC T, and t; € M**(W) such
that 8¢, = t. Then u =: u, — Pt, has the desired properties.

Now assume both lemmas to be proved for all (p’ X g)-matrices with p’ not
greater than some p < gq. Suppose that the ((p + 1) X g)-matrix [g;] and u €
M3E(V) satisfy the assumptions of Lemma 2. If s = 0, then all operators P, are
zero by definition; therefore if a neighborhood W of w with W C Vand v €
M, (W) such that dv = u are constructed as in the proof of Lemma 2 for p = 1,
then v satisfies (8) trivially. Suppose therefore that s > 0. Note that both (p X g)-
matrices [g;] and [k;] =: [gj — g1 ], i=1,...,p, /= 1,...,q, satisfy (3)
with p for every z € D\ {w}. By Lemma 2 for p, there exists a neighborhood T
of wwith T'C V and u, € M;_,(T) such that du; = u, and Pyu, =---= P,u,.
Fori=1,...,p, define the operators R, similarly as in (5), but with respect to the
functions k;; instead of g;;. Then R, =P, — P,,y,i=1,...,p,and Ryu, =---=
R,u,. Therefore t =: Ryu; =--+= R,u, is a well-defined element of M=),
and moreover 9t = R, du; = Plu — P, , u=0and Rt =R,Ru; =0,i=1,...,p.
By Lemma 3 for p, there exists a neighborhood W of w with W C 7, and ¢, €
M;_ (W), such that 3¢, = 0 and Rjt;, =---= R,t;, =t. Then v =1 u; — t; €

5_ (W) satisfies the assertion of Lemma 2 for the ((p + 1) X g)-matrix [g;].

To prove Lemma 3 for p + 1 we proceed, as before, by downward induction on
r, the assertion being trivially satisfied for r > n. Therefore assume the lemma to
be proved for r + 1 and for every s, and let ¥ € M (V') be as in the assumption.
By Lemma 1, there exists u; € M:*' (V) such that Pyu, =---= P, u, = u (but
u, need not be d-closed). The tuple du, € M| (V) satisfies the induction assump-
tion, and so there exists a neighborhood T of w such that T C V, and ¢ €

MSTHT) withdt =0and Pyt =---= P, t = du,. By Lemma 2 for p + 1, we can
find a neighborhood W of w, W C T, and some t, € M:*>(W), such that 8¢, = ¢
andPll]:"'= p+lll.Settingt2::P111=--~= p+lt1 andv=u1—lz,weob-

tain the desired tuple v € MYI(W).

To proceed with the proof of the theorem (still with p < g) we need two other
auxiliary results: the first one can be treated as an analogue of the theorem for tu-
ples in L§ with s > 0, the second is a counterpart of Lemma 2 for r = 1.

ProposiTioN 4. Let D be a strictly pseudoconvex bounded domain in C", and
w a fixed point in D. Suppose that the functions g; € A(D), i=1,...,p,j=
1,....,q, satisfy (3) for every z € D\{w}. Let u = (u;); € L}, s = 0, be such that
Jor each I, u, € A(D), and Pu = 0 (with P defined by (5)). Suppose also that
there exists a neighborhood U of w in D and a tuple © = (9,),; such that for ev-
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ery J = (Jji,...,js+1), Uy is holomorphic in U, and Po =uin U, i=1,...,p.
Then there exists v = (v;); € L§*' such that for each J, v, € A(D), and Piv=u
inD,i=1,...,p. (In other words, the local divisibility of u by a matrix [ g;;]1 with
holomorphic factors implies the global divisibility.)

LemMa 5. If D and w are as above, W is a neighborhood of w in D, the (p X
q)-matrix [ g;;] of functions from the algebra A(D) satisfies the assumption (3)
Jor every z € D\{w}, and v € M{(W) is such that 3v = 0 and Piv = --- = P,v,
then there exists t € L§ such that 3t = v and Pyt =+ - - = P,

We show first, similarly as in [19], that under the assumptions of either Theo-
rem | or Proposition 4, the global division problem can be solved differentiably.

Consider the situation as described in the assumption of Theorem 1. We will
prove that there exist functions 4, . . ., ﬁq which are smooth in D, continuous in
D, and holomorphic in some neighborhood ¥ of w, such that for every i =
L,...,p,

9 Ji= jq:1 gijflj

in D. Choose a smooth cut-off function ¢, with support in U, such that g, =1 in
some neighborhood of w, relatively compact in U. Let N, K € N, gx, Zx and ¢y
have the same meaning as in the proof of Lemma 1. If K = (ky,...,k,), there
exist functions EK, PRI ,EK, x,» uniquely determined in D\Zg, such that f; =
237, g ik x,- Moreover, the functions /g 4, are smooth in D\Z and continu-
ous in D\ Zg, and the functions (1 — ¢o)exh .k, €xtend (by zero) to the functions
Ak, x, smooth in D, continuous in D, and vanishing in V. For j # k,, . .. ,k,, set
hk,; = 0. Then the functions
hi=:ooh;+ D) by  j=1,...,q,
KeN

satisfy (9), and have other desired properties. (For p = 1, the above construction
is in {19].)

If the situation is as in the assumption of Proposition 4, write u = pou +
(1 — @o)u, with ¢y as above. Extend ¢, by zero to all of D; then P.(¢o0) =
@ou in D for i = 1,...,p. Moreover, (1 — ¢o)u € M§(V) and P(l — @5)u =
(1 — @o)Pu =0, so by Lemma 1 there exists t € M§*! (V) such that for i = 1,

.0 Pit = (1 — gg)u. It follows that & =: ¢, + ¢ is an element of L{*! such
that for every J, 0, is smooth in D, continuous in D, and holomorphic in some
neighborhood W of w, and P;0 = u for i = 1, ..., p; thus the division problem
from Proposition 4 also can be solved differentiably.
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Now we are able to prove Theorem 1, Proposition 4 and Lemma 5. We do this
simultaneously, by induction on p.

For p = 1, this is done in [19] (at least for s = 0). Suppose all the resuits to
be valid for p. Let the ((p + 1) X g)-matrix [g;] satisfy (3) at every point z €
D\ {w}. Consider the situation as in the assumptions of Theorem 1. Let By,
ﬁq be the functions satisfying (9). Since they are holomorphic in some neigh-
borhood ¥ of w, the tuple /4 is in M| (V); it is moreover d-closed and P,dh =
OP,h=0df;=0,i=1,...,p+ 1. Thus by Lemma 3, there exists a neighborhood
Wof wwith WC V, and ve M}(W) suchthat v =0and Plv =---= P,, ;v =
dh. Since the (p X g)-matrix [g;;] satisfies (3) for every z € D\ {w} with p, it fol-
lows from Lemma S for p that v = dv, for some v, € L} such that Py, =---=
P,v,. We proceed now similarly as in the proof of Lemma 2. Considering the
(p X g)-matrix [k;] =: [g; — g+, ;] and the operators R; = P; — P,;,, we see
that ¥ =: Ryv; =---= R, v, is a well-defined element of L} such that du =0 and
R;u = 0. Moreover, the matrix [k;] satisfies (3) for all z € D\ {w} and the tuple
v, is holomorphic in W, since dv; = v and v vanishes in W; this means that the
tuple u satisfies the assumptions of Proposition 4 for p, for the operator R defined
by the functions k;;, and for & =: v,;. Hence there exists the tuple 1 € L3, con-
sisting of functions from the algebra A(D), such that R;f = u in D for i =
1,...,p. If we now set {; =: v; — ¢, it follows that 37, = v and that (like at the
end of the proof of Lemma 2) ¢, =: Pyt; =--+-= P, 1 is a well-defined element
of L{. Then h =: h — t, satisfies the assertion of the theorem.

The proof of Proposition 4 for p + 1 is quite similar.

It remains to show that Lemma 5 holds for p + 1. The assertion is trivial for
s = 0, since all operators P; are then zero, and the result follows from [5] or [16].
Assume therefore that s > 0 and v is as in the assumption. Similarly as above, by
the induction assumption there exists v, € L§ such that v, =vand Py, =---=
P,v,. Then the tuple u =: R;v; = P,v; — P, v, is a well-defined element of Ly,
and du = R,u=0,i=1,...,p. Moreover, the functions in the tuple v, are holo-
morphic in W, because dv, = v and v vanishes in W by assumption. Hence, by
Proposition 4, there exists u; € L{ consisting of functions from A4 (D), such that
u=R;u fori=1,...,p. Setting t =: v, — u;, we check similarly, as in the proof
of Lemma 2, that 4t = vand Pjt =---= P, 1.

Consider now the case p = . This case is quite easy, and it turns out that
the functions ﬁj simply continue to the functions 4; € A(D), satisfying (2) in D.
In fact, define N to be the set of all tuples K = (ky,...,k,) with I = k; <---<
k, =< p. For K € N, let g be the (¢ X g)-minor of the matrix [g,;], consisting
of rows with numbers k,...,k,, and set Zx = {z € D|gx(z) = 0}. If K =
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(ky,...,k;) € N and gg does not vanish identically in D, then, by Cramer’s rule,
there exist uniquely determined functions f g, . . ., A, ,, holomorphic in D\Z
and continuous in D\ Z, such that in D\ Z;

(10) fk,= Zlegku-h&j for/ = 1,...,p.

By assumption, similar relations hold in some neighborhood U of w, but with
functions ﬁj instead of Ay ;. But then U\Zy is a non-void open subset of U, and
both relations (4) and (10) hold simultaneously in U\Zg, so by the uniqueness of
the functions 4y ;, mentioned above, Ay ; = k; in U\Zx. It follows that if K,L €
N are such that g¢ and g; do not vanish identically, then Ay ; = A, ;in U\ (Zg U
Z,), and since the sets D\Zy and D\Z, are connected, we have hx ; = h; ; in all
of D\ (Zx U Z,) by identity principle for holomorphic functions; hence A, ; and
hy; coincide in all of (D\Zx) N (D\Z,). Now let z € D. If z # w, then by (3)
there exists K € N such that g (z) is non-singular; for j = 1,...,q, define then
hj(z) =: hg ;(z). For z = w, set h;(z) = ﬁj(z). It is clear from the above con-
siderations that the functions 4, ..., A, are well-defined and that they satisfy (2)
in D; moreover, they are extensions of functions iij, as claimed above. This ends
the proof of the theorem for the case p = g.

3. Other results and problems

The cohomological device, presented in the previous section, together with re-
sults on the solution on the d-problem, gives “local-to-global” matrix division the-
orems in many cases, for which the decomposition of the form f = Efil g fiis
known. We present here two results of this type. As mentioned above, the cohomo-
logical part remains the same as in Section 2; the eventual changes concern the con-
struction of convenient neighborhoods of common zero sets of the functions g,
and of some cut-off functions.

If D is a domain in C” and E an open subset of 4D, denote by Az (D) any one
of the following spaces:

ALD) =: { f holomorphic in D| f extends continuously together with all its
derivatives up to order k to the set D U E] L, k=0,1,...,

HZ*(D) =: {fe A%1(D) | the derivatives of f of order k are bounded on
every compact subset of D U E} k=0,1,...,

(A)g(D) =: {f € AK(D) with k < 1 < k + 1] the derivatives of f of order k
satisfy Hdolder condition of order t — k on every compact subset of D U E] (here
t is a positive real number which is not an integer).
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THEOREM 2 (cf. [17], [10]). Let D be a domain of holomorphy in C", and sup-
pose that E is an open subset of 0D such that dD is smooth and strictly pseudocon-
vex in the neighborhood of every point of E. Let Z = {z,.} be a (finite or infinite)
sequence of points in D without accumulation point in D U E. Suppose that the
Sfunctions f,and g;;, i =1,...,p,j=1,...,q, from the algebra /TE(D) are such
that there exists a neighborhood W of Z and functions h,, . . . ,Eq holomorphic in
W, for which the decomposition (2) holds in W, and for every z € (DU E)\Z,
the condition (3) is satisfied.

Then there exist functions hy, ..., h, € Ap (D) such that (2) holds in all of
DUE.

THEOREM 3 (cf. [11]). Let D be a strictly pseudoconvex bounded domain in
C" and suppose that the functions f; and g,; from the algebra Ap(D x D) ( where
Q = 3(D x D)\A(ID) with A(dD) = [ (z,2)|z € dD}) are such that the local
decomposition (2) holds in some neighborhood W of A(D) in D x D, and that
(3) is satisfied in all points of (D x D)\A(D). Then (2) holds globally with some
Junctions h; € Ag(D x D).

The convenient results on the solution of the d-problem, necessary in the proof
of Theorem 2, are contained in [17] and in {10], and those for Theorem 3 are in
(11]. Theorem 3 can be also proved in a more general situation —see [12]. One can
check that the above results hold also for domains in complex submanifolds of
C".

As mentioned in the introduction, the use of the Koszul complex in the present
setting (for p = 1) was introduced in [7] in order to study the spaces of holo-
morphic functions with restricted growth. If D is a domain in C” and p a
non-negative function, let 4,(D) be the set of all analytic functions in D such
that for some constants C; and C,

|f(2)] = C, exp(C2p(2)), zE€D.

A, (D) is a ring (see [7]). Hormander obtained the following theorem on the gen-
erators of 4,(D):

THEOREM ([7], Thm 1). Let p be a non-negative plurisubharmonic function in
the domain of holomorphy D C C”" such that:
(i) All polynomials belong to A,(D).
(i) There exist constants K,,...,K; such that z € D and |z — {| =
exp(—K,p(2) — Ky) imply that { € D and p({) < K3p(2) + K,.
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Then fi,...,fn € A,(D) generate A,(D) if and only if there exist positive con-
stants ¢, and ¢, such that

(11) [fitz)| +-- -+ |/n(R)| = ¢ exp(—c,p(2)), zZ€D.

The generalization of Hormander’s theorem to the matrix case was proved by
Kelleher and Taylor ([13], Corollary 4.4). By means of the generalized Koszul com-
plex the authors obtained there the necessary and sufficient conditions on the ma-
trix {g;] of functions g; € A,(D) in order that for every choice fi,...,f, of
functions from A,(D) the decomposition (2) holds with some h; € 4,(D). By
means of the cohomological method described above and of the results on the so-
lution of the d-equation with bounds from [7] we could prove only a following suf-
ficient condition:

TuEOREM 4. Let D and p be as above. Suppose that the functions g; €
A,(D),i=1,...,p,j=1,...,q, are such that there exist some positive constants
¢, and ¢, with

(12) Y lex(D)] = ¢ exp(-ep(z),  z€D,
KEN
where K and N have the same meaning as in the proof of Theorem 1.
Then for every choice fy, . .., f, of functions from A,(D) there exist functions
hy, ..., hy€ A,(D) such that

Ji= ngzl giih;

inD,i=1,...,p.

The proof goes by a series of three lemmas, which correspond to Lemmas 1, 2
and 3 from Section 2, and to Lemmas 5 and 6 and Theorem 7 from [7]. The only
moment which needs explication is the necessary change in the proof of the ana-
logue of Lemma 1 from this note. Set now L to be the space of all tuples u =
(uy),, skew-symmetric with respect to J, such that for every J, u; is a (0,r)-form
with coefficients measurable in D), satisfying

f |u;*e =257 dm < oo
D
for some K (see [7], p. 945 — dm denotes here the Lebesgue measure in C”). The

above-mentioned analogue of Lemma 1 states that given g, € 4,(D) satisfying
(12) and u € L$ such that Pu = 0 (with P defined by g;; as in (5)) there exists v €
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L3t such that P,v =u for i = 1,...,p. The tuple v = (v,), (for the case p < q)
is now defined by the formula

ks s 81k Ui 8ikeprr - - 1 &1k,

v, = Ei+:( )5+l*lzg7det N e ,
Z ]gk|2

KeN Epki> <1 8pki—1s WaNjp Bpkisrs -+ 1 Epk,

where the inner summation holds, as before, over all pairs (X, t) with K =
(ki,...,k,) € Nand j, = k, for some | < ¢ < p. (For p = 1, we obtain the for-
mula from the proof of Lemma 6 in [7].)

One could also try to prove some local-to-global division theorems for the case
when the common zero-set of functions g, is positive-dimensional, instead of
zero-dimensional sets {w} or {z;} from Theorems | and 2. Suppose that D is a
domain of holomorphy with sufficiently smooth boundary and that the functions
Ji and g; are holomorphic in D and have some boundary regularity on D, and
vanish on some analytic subset M of D. Assume also that the decomposition (2)
holds in some neighborhood V of M in D, with some holomorphic functions ﬁ,.
Under what conditions on f;, g;; and h , can one obtain the global decomposition
(2) in all of D with holomorphic functions h;, being as regular on 4D as possible?
It is easy to see that the previously described cohomological device works in the
following case: D is a strictly pseudoconvex bounded domain in C” and M =
M’ N D, where M’ is a complex submanifold of some neighborhood D’ of D, and
V=DnN V', where V' is some neighborhood of M’ N D in C*; the functions f;
and g;; are, say, in some algebra A(D) and the functions ﬁj have on the set V' N
D the boundary regularity like that described in the definition of the given algebra
A(D). Assuming then that the functions g;; satisfy (3) in all points of Dnv,
one obtains the decomposition (2) in the whole set D with some functions h; €
A(D). This case is, however, not of great interest; it seems that the most inter-
esting case arises when one assumes that the domain V does not touch dD, i.e. no
regularity assumptions on the behavior of the functions ﬁj on dD are supposed.
In [3] Bonneau, Cumenge and Zériahi proved that if D is a strictly pseudoconvex
domain in C” with sufficiently smooth boundary, given by a defining function p,
and the functions g,,...,g, € A™(D) (g < n) are such that

(13) dgi\(z) n---ndg,(z) #0
foreveryz € X' =: {(z€D|g(z) =---= g4(z) = 0}, and

0p(z) A 0g (2) ne--ndg,(2) #0
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for every z € X’ N 4D, then every function f € A, (D) with (] < m — 2, vanish-
ing on X', admits a decomposition

f= Z,g:] gih;

with some functions h; € A,_,,» (D) (the last of 1/2 is here the lowest possible and
cannot be avoided in general). It would be interesting to prove the local-to-global
analogue of the above result for the matrix case. We remark only that the local-
to-global decomposition does not hold in general without, e.g., the assumption of
type (13), as the following trivial example shows:

ExampLe. Let D be a unit ball in C2. Set f = gh with g(z,,2,) =z} and A(z,,
7,) = F(z;), where F € H*(U), but F & A(U). (Here U is the unit disc in C.)
Then Dff = z# D¥F, and D¥f=n(n—1)--- (n — k + 1)z3 *F. Of course, the
local as well as the global decomposition of f with respect to g holds, and the only
possible factor is the function 4 itself. However, the function 4 is not even in A(D),
although f can be as regular on a.D, as we wish. In fact, for every positive inte-
ger k, the functions Dff and DX f are continuous in Q =: D\[ (21,0)||z1] = 1],
and they vanish at (z,,0) for z, € U. Since F is bounded on U, it is easy to see
that Dff is continuous in all of D. On the other hand, by Cauchy’s inequalities,

L] e

D*F = 1=
| (z)) = A=z,

and for (z;,22) € D, |22]* < 1 = |z < 2(1 — |z(]), so |D§f(z1,22)] <
¢ |Fllo(l = |2;))"7*%72 with some ¢ > 0, which shows that D5/ is also contin-
uous in all of D provided that n > 3k. Note that the condition (13) for the func-
tion g is not satisfied.
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